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FREQUENT HYPERCYCLICITY, CHAOS, AND 
UNCONDITIONAL SCHAUDER DECOMPOSITIONS 

by 

Manuel De la Rosa, Leonhard Frerick, Sophie Grivaux & Alfredo Peris 



Abstract. — We prove that if X is any complex separable infinite-dimensional Banach 
space with an unconditional Schauder decomposition, X supports an operator T which is 
chaotic and frequently hypercyclic. In contrast with the complex case, we observe that there 



qq ■ are real Banach spaces with an unconditional basis which support no chaotic operator. 



1. Introduction 

We are interested in this paper in the dynamics of continuous linear operators acting on 
a complex infinite-dimensional separable Banach space X. If T is such an operator on 
X, T is said to be hypercyclic if there exists a vector x £ X (a hypercyclic vector for 
T) such that 0rb(x,T) = {T n x ; n > 0} is dense in X. Hypercyclicity has had many 
developments in the past years, and we refer the reader to the recent books [5] and |14] 
for a thorough account of the subject. 

We study here reinforcements of hypercyclicity: chaotic operators are topologically tran- 
sitive operators (or, in other words, hypercyclic operators) which have a dense set of 
periodic points (a vector x € X is said to be periodic if there exists an integer N > 1 
such that T N x = x). This notion of chaos coincides in our setting with the classical 
one introduced by Devaney. Another strengthening of hypercyclicity is the notion of fre- 
quent hypercyclicity, which was introduced in [2|: T is said to be frequently hypercyclic 
if there exists a vector x £ X such that for every non-empty open subset U of X, the set 
{n > ; T n x € U} of instants when the iterates of x under T visit U has positive lower 
density: 

liminf — \{n < N ; T n x G U}\ > 0, 
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where \A\ denotes the cardinality of a finite subset A C N. It was proved independently by 
Ansari pQ and Bernal-Gonzalez [6j that any separable infinite-dimensional Banach space 
X supports a hypercyclic operator. These operators are of the form T = I + K, where 
K is a nuclear backward weighted shift with respect to a biorthogonal system of X. In 
particular the spectrum of T is reduced to the point {1}. The fact that chaos and frequent 
hypercyclicity are really stronger notions than hypercyclicity is attested by the fact that 
the corresponding existence result does not hold true anymore. That is, it was shown 
by Bonet, Martmez-Gimenez and Peris [8] that some Banach spaces do not support any 
chaotic operator, and by Shkarin |16] that the same spaces do not support any frequently 
hypercyclic operator. The class of spaces considered in |8j and |16j is the class of complex 
hereditarily indecomposable Banach spaces (like the space of Gowers and Maurey |12j). 
We recall that a Banach space X is said to be hereditarily indecomposable if no closed 
subspace of X is decomposable as a direct sum of infinite-dimensional subspaces. On 
such spaces every operator has the form T = XI + S, where A is a scalar and S is a 
strictly singular operator on X. Hence if T is hypercyclic, the spectrum of T is reduced 
to the point {A} with |A| = 1. Now it is proved in [16] that the spectrum of a frequently 
hypercyclic operator cannot have an isolated point, and the same holds true for a chaotic 
operator. 
The main purpose of this work is to investigate the following question: 

Question 1.1. - - Is it possible to characterize the complex separable Banach spaces which 
support a frequently hypercyclic (respectively a chaotic) operator? 

We are not able to answer completely Question 11.11 but we prove the following theorem, 
which gives a fairly large class of spaces on which such operators can indeed be constructed: 

Theorem 1.2. -- Let X be a complex separable Banach space having an unconditional 
Schauder decomposition. Then X supports an operator which is frequently hypercyclic and 
chaotic. 

In particular any complex Banach space with an unconditional basis admits a frequently 
hypercyclic and chaotic operator. Actually, it is still an open question to know whether 
every chaotic operator on a Banach space is automatically frequently hypercyclic; see [13 
for more details on this question. 

The frequently hypercyclic operators constructed in the proof of Theorem 11.21 have an 
interesting property: they are compact (even nuclear) perturbations of diagonal operators 
whose diagonal coefficients are complex numbers of modulus 1. The proof of Theorem [L2] 
is done via a transference argument. In other words, we first construct a class of nuclear 
perturbations of diagonal operators on a Hilbert space, then transfer these operators to 
our Banach spaces. We show in fact that our operators enjoy a stronger property: 

Theorem 1.3. -- If X is a separable complex Banach space which has an unconditional 
Schauder decomposition, then X supports a bounded operator T which is ergodic with 
respect to a non- degenerate invariant Gaussian measure. 

The Hilbert space construction is carried out in Section 2, and Theorems 11.21 and 11.31 are 
proved in Section 3. Finally, we show in Section 4 that the situation is drastically different 
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if we change the scalar field: there are real Banach spaces with an unconditional basis which 
support no chaotic operators. The corresponding question for frequent hypercyclicity is 
still open. 

Let us finish this introduction by mentioning that it is possible to extend Theorem 11.21 
to the case of Frechet spaces [9j : every complex separable Frechet space with a continu- 
ous norm and an unconditional Schauder decomposition admits a frequently hypercyclic 
and chaotic operator. The same result holds true for complex Frechet spaces with an 
unconditional basis. 

2. Some frequently hypercyclic and chaotic operators on Hilbert spaces 

So our aim is to show that if X is a separable complex infinite-dimensional Banach space 
with an unconditional Schauder decomposition, then X supports an operator which is 
both chaotic and frequently hypercyclic. We begin by constructing a particular class of 
nuclear perturbations of diagonal operators on a Hilbert space, which consists of frequently 
hypercyclic and chaotic operators. 

For n > 0, let H n be the space £ 2 endowed with the canonical basis (ej >ri )j>o, and let 
H = ®p.H n be the orthogonal sum of all the spaces H n . If (^ n ) n >o is any bounded 
sequence of complex numbers, the diagonal operator D^ is defined by D^{®x n ) = 0/i n x n 
for any element x = @x n in H. Now let ((t«i,n)i>o)n>o be a sequence of positive weights 
such that 

sup supwj in < +oo. 

n>0 i>0 

We define the operator B w on H by setting 

D W X — y y \X, €i t n) ^i,n— l^i,n— 1- 
n>l i>0 

This is clearly a bounded operator on H, which is nothing but a backward weighted shift: 
B w eifi = for any i i > 0, and B w £i,n = t^n-ie^n-i for n > 1 and i > 0. 

Theorem 2.1. -- Let w = ((wi,n)i>o)n>o be a bounded sequence of positive weights. 
There exists a sequence (/in)n>0 of unimodular numbers such that the operator T = 
D^ + B w is frequently hypercyclic and chaotic on H . 

The proof of Theorem [2T] relies on a criterion for frequent hypercyclicity which was proved 
in [2] in the Hilbert space setting, and which states that if T € B{H) has "sufficiently 
many" eigenvectors associated to eigenvalues of modulus 1, then T is frequently hyper- 
cyclic. Here is the precise definition: 

Definition 2.2. - - We say that a bounded operator T on X has a perfectly spanning set 
of eigenvectors associated to unimodular eigenvalues if there exists a continuous probability 
measure a on the unit circle T such that for every cr-measurable subset A of T which is of 
a-measure 1, span(J AeA ker(T — A/) is dense in X. 

In other words if we take out from the unit circle a set of a-measure of eigenvalues, the 
eigenvectors associated to the remaining eigenvalues still span X. 
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The following result is proved in [3]: 

Theorem 2.3. - |3j IfT is a bounded operator acting on a separable infinite- dimensional 
complex Hilbert space H , and if T has a perfectly spanning set of eigenvectors associated 
to unimodular eigenvalues, then T is frequently hypercyclic. 

Sec [13 for a different proof which extends to the Banach space case. We are now ready 
for the proof of Theorem 12.11 



Proof of Theorem \2.1\ - Let fi = (fi n )n>o be for the moment an arbitrary sequence of 
unimodular numbers. Let A G T, and x = (Bx n € H. Then Tx = Xx if and only if for any 
n > and any i > 0, 



i>0 



that is 



n— 1 



A_ ^-l/„, . „. \ _ + w /„ „. \_TT/ A -^p 



{x n , ei n ) — \x n —i, Ci n—i) so tnat {x n , ei n ) — I I 

Wi,n-\ l L 

Hence provided the series involved are convergent, the vectors 




E l {\) = ei i0 + > J | |J_ '—^ | ei,„, i > 
k p=o Wi >P 

are eigenvectors of T which span the eigenspace ker(T— A). Now our aim is to construct the 
diagonal coefficients /i p , and a Cantor set K C T containing the // p 's, in such a way that 
the eigenvector fields Ei, i > 0, are well-defined and continuous on K, and the unimodular 
eigenvectors of T are perfectly spanning. 

Write the set No of nonnegative integers as the disjoint union of successive intervals Jk, 
k > 0, where \J k \ = 2 k ~ 1 for k > 1: J = {0}, J x = {1}, J 2 = {2,3}, J 3 = {4,5,6,7}, 
J 4 = {8,9,10,11,12,13,14,15}, etc... and more generally J k = {2 fc " 1 , . . . ,2 fc - 1}. 

• Step 0: to begin with, we take fiQ = 1. 

• Step 1: let fi\ be an element of T distinct from /aq with \[Xq — yu-i| < 1 and such that the 
length l\ = |/io — //i | of the closed arc Ti joining in T //o and /ii is so small that 

n=2 \p=0 hPJ 

• Step k: at step k, we construct the unimodular numbers fx n for n G J k . We choose 

them in the set Upgj _ T p , where, for p € Jfc_i, T p denotes the closed arc in T joining 

fi p and ^ p _2 fc - 2 - We also require that /^o, • • • , A*2 fe -i be all distinct, and that for each 
ife-i 



j = 0, . . . , 2 — 1, /i 2 fc-i + j be very close to /Uj. More precisely, we pick these numbers 



jU 2 fe-i , • • • , fJ-2 k ~i i n such a way that If. = max{|^ 2 fc-i+7' — Mj j ; i = 0, . . . , 2 fc x — 1} is so 



small that 

' n-l 



l l E n^|< 2 - (fc+2) for, = 0,l,...,fe. 
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We then define r 2 fe-i + j for j = 0, . . . , 2 k ~ 1 — 1 as the closed arc in T joining fij and fj, 2 k-i + j. 
Let K be the compact subset of T defined by 

*=-n(ur,Y 

ken \jeJ k ) 

By construction, fi p is in K for every p > 0. Fix A G K. Since A belongs to Uigj. Fj for 
any k > 1, there exists for any fe > 1 an integer g G J^ with |A — /i g | < /&. Moreover the 
diameter of K is smaller than 1, and thus for every k > 1 and every n > 2 , we have 

n-l 

niA-^i 2 <^. 

p=0 

Therefore we have for each i > and each k' > i 

(n—l I \ |2 \ / n ~ 1 i \ 

p=0 *:P / k>k'n£j k+1 \ p=0 ^P ) k>k' 

This implies that the series defining Ei(\) converges for every A £ K and every i > 0. 

Let us now prove that the eigenvector field E% is continuous on K for each i > 0. For any 
e > 0, let A: > i be such that 2 _fe ° < e/2, and let 

2 fe o /n-l , 

A -/Up 



'w-^n^K 



n=l \p=0 Wi 'P 

be the polynomial in A corresponding to the 2 fc °-th partial sum in the expression of E{. 
Then for all A, A' G K we have 

||^(A) - ^(A')|| 2 < ||P(A) - P(A')|| 2 + 2.2-( fco+1 ) < ||P(A) - P(A')|| 2 + |- 
Let now 5 > be such that ||P(A) - P(A')|| 2 < e/2 whenever |A - A'| < 5. Then 

||£i(A)-^(A0|| 2 <e, 

for any A, A' G K with |A — A'| < 5, and this proves that the eigenvector fields Ei, i > 0, 
are continuous on K. 

Observe now that the construction is done in such a way that all the coefficients \x v are 
distinct. This implies that the eigenvectors Pi (A), i > 0, A G K, span a dense subspace of 
H. Indeed for any N > 0, /U/v belongs to K by construction, and 

N /n-l \ 

Pj(Mjv) = ej,o + ^ II : — ~ ei ' n- 

n =i y P =o Wj,p y 

Hence sp[Pj(//jv) ; ^, -^ > 0] contains all the vectors ej jn , i > 0, n > 0. By continuity of the 
eigenvector fields Ei, if <r is any continuous measure whose support is K, the eigenvectors 
Pi (A), i > 0, A G K, are perfectly spanning with respect to a. Such a measure a exists 
because K is a perfect compact subset of T. Since our operator T is living on a Hilbert 
space, Theorem 12.31 can be applied and T is frequently hypercyclic. 



6 MANUEL DE LA ROSA, LEONHARD FRERICK, SOPHIE GRIVAUX & ALFREDO PERIS 

If we additionally require that T be chaotic, it suffices to choose all the coefficients fi p to 
be n th roots of 1. Then the eigenvectors of T associated to eigenvalues which are n th roots 
of 1 span a dense subspace of H , and T is chaotic. □ 

3. Proofs of Theorems [TT2] and [TTBI 

3.1. Unconditional Schauder decompositions. — Let X be a separable infinite- 
dimensional Banach space which admits an unconditional Schauder decomposition. This 
means that there exists a sequence (X n ) n >o of closed subspaces of X such that any x £ X 
can be written in a unique way as an unconditionally convergent series x = Yl n >o Xn > wnere 
x n belongs to X n for any n > 0. We denote in this case by P n the canonical projection 
x i— > x n of X onto X n . If (X n ) n >o is an unconditional Schauder decomposition of X, 
and (Ik)k>o is an y partition of N into finite or infinite subsets, let Y). denote the closed 
linear span of the spaces X n , n £ /&. Then (Yk)k>o is also an unconditional Schauder 
decomposition of X. Hence we will always suppose in the sequel that (X n ) n >o is an 
unconditional Schauder decomposition of X with all the subspaces X n infinite-dimensional. 
If (fJ"n)n>o is any bounded sequence of complex numbers, then the multiplication operator 
D^-.X'-^X defined by 

n>0 n>0 

is a bounded operator on X since the decomposition X = © n >oX n is unconditional. 
Now since all X n 7 s are infinite-dimensional, each of them admits a biorthogonal system 
( x i,n,xl n )i>o, where x i<n € X n , x* in G X* and (z* >n , x,>) = 5y for i,j > 0. Since 
X = X n (£)span\J p ^ n X p , we can extend x* n to X by setting x* n = on spEn\J p _^ n X p . 
For n > 1, let (wi, n )j>o be a sequence of positive weights going to zero very fast when i 
goes to infinity. Denote by w the collection of sequences ((u;i,n)i>o)ra>l> an d define the 
operator B w on X by setting 

d w x — y y \Xi t m x) Wi^ n Xi^ n —\ — y y {Xj^^ n , r n xj Wi^ n Xi^ n —\. 

n>l i>0 ri>\ i>0 

Let ||-||* be the dual norm of ||-||. If the series 

V^ V^ II ||||*|i* 

n>l i>0 

is convergent (which is the case if the quantities Wi >n are suitably small) , B w is a nuclear 
operator, hence a bounded operator. 

3.2. Proof of Theorem 11.21 — The proof of Theorem 11.21 is now a straightforward 
application of the transference principle, as applied for instance in [1J. Without loss of 
generality we can suppose that 



Xi, n \\ 2 ! < +■■■<'• 
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Then the operator J : H — > X defined by Jej jn = Xi^ n for i,n > is bounded, injective, 
and has dense range. Let ((w>i,n)i>o)n>o be a bounded sequence of positive weights such 
that the operator B w defined above is bounded on X. If B w denotes the backward weighted 
shift on H associated to w, then JB W = B W J. Now by Theorem l2. II there exists a sequence 
of unimodular numbers such that T = D^ + B w is frequently hypercyclic and chaotic on 
H. Then J(D^ + B w ) = (D^ + B W )J, and since J is injective and has dense range, T is 
frequently hypercyclic and chaotic on X. 

3.3. Ergodicity with respect to an invariant gaussian measure: proof of Theo- 
rem 11.31 — The proof of Theorem 11.31 is an immediate consequence of the intertwining 
equation J(D^ + B w ) = (D^ + B W )J above. Since T acts on a Hilbert space, T admits 
an ergodic non-degenerate invariant Gaussian measure fh by |3j. Let m be the Gaussian 
measure on X defined by m(A) = m(J~ l {A)) for any Borel subset A of X. This measure 
is non-degenerate and invariant by T. Lastly it is not difficult to check that T is ergodic 
with respect to m: if m(A) > and m(B) > 0, there exists an integer TV such that 
m{f- N {J- l {A)) n J- 1 ^)) > 0. Since J- l {T~ N {A) n B) = f- N (J-\A)) n J~ X {B) by 
the intertwining equation TJ = JT, we have m(T~ (A) fl B) > 0. This shows that T is 
ergodic with respect to m. 

4. Chaotic operators and unconditional basis: the real case 

In this section, we observe that the situation changes completely if instead of considering 
complex Banach spaces as in Section 3, we consider real Banach spaces. 

The counterexample of Theorem 14. II below is built on a real Banach space Xq constructed 
by Gowers in [10] : Xq has an unconditional basis (e n ) n , and every bounded operator 
T E L(Xq) is of the form T = D a + S, where D a is a diagonal operator with respect to the 
basis (e n ) n associated to a bounded weight a = (a n ) n € M N , and S is a strictly singular 
operator (see |llj ). 

Theorem J^.l. - - The real separable infinite- dimensional Banach space Xq has an un- 
conditional basis, but admits no chaotic operator. 

Proof. - - Suppose that T € B{Xq) is a chaotic operator on Xq, T = D a + S, where D a 
is the diagonal operator with respect to the unconditional basis (e n ) n corresponding to 
o = {a n ) n G R . Then its complexification T on the complexification Xq is also chaotic 
[7], and T can be written as T = D a + S. Since T is chaotic, its spectrum has no isolated 
points and intersects T \ R. Therefore we can select a boundary point A of cr(T) \ R and, 
by Putnam's theorem (see, e.g., Proposition 3.7.8 in |15j) we obtain that A belongs to the 
essential spectrum of T. On the other hand, since every a n belongs to R, the operator 
D a — XI is invertible on Xq. Thus T — XI, being a perturbation of an invertible operator 
by a strictly singular operator, is a Fredholm operator of index on Xq, which contradicts 
the fact that A € a e (T). Hence T is not chaotic on Xq. □ 

Theorem 14.11 leads naturally to the following question: 
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Question Jf..2. -- Does the space Xq support a frequently hypercyclic operator? More 
generally, does there exist a real separable Banach space with an unconditional basis which 
supports no frequently hypercyclic operator? 

Acknowledgement: We would like to thank P. Tradacete for interesting discussions about 
the results in Section [H 
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